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Abstract: After a brief review of topological gravity, we present a superspace approach 
to this theory. This formulation allows us to recover in a natural manner various known 
results and to gain some insight into the precise relationship between different approaches 
to topological gravity. Though the main focus of our work is on the vielbein formalism, 
we also discuss the metric approach and its relationship with the former formalism. 
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1 Introduction 



Topological field theories of Witten-type have been introduced some fifteen years 
ago [1] and have been widely studied ever since. In recent years, they have gained 
particular attention in relation with non-topological field theories, most notably with 
non-perturbative quantum gravity, e.g. see ref. [2]. While topological Yang-Mills 
theories are pretty well understood by now [3], this is not true to the same extend 
for topological gravities due to the presence of diffeomorphisms. The complexity of 
symmetry algebras and Lagrangians, as well as the variety of possible approaches 
for topological gravity also makes it difficult to compare the results obtained using 
different approaches or formalisms. Let us shortly expand on these points. 

A topological gravity theory can be constructed by gauge fixing an action that is 
a topological invariant. Alternatively, it can be introduced by twisting an extended 
supergravity theory^. The latter theories involve diffeomorphisms and local super- 
symmetry transformations and thereby have a sensibly more complex structure than 
super Yang-Mills theories. 

We now review briefiy the different formulations of topological gravity which 
have been considered in the past so as to situate the present work. The first papers 
on topological gravity were devoted to the construction of the model [4, 5], while 
many of the subsequent and recent papers [6]- [18] were rather concerned with the 
determination of non-trivial observables. Some of the early papers view topological 
gravity as a topological version of Weyl (conformal) gravity [4, 19], but these theories 
do not allow for non-trivial observables. The remaining work is related to ordinary 
Einstein gravity. The construction of topological gravity by a twist of extended 
supergravity [20, 21, 22] has led to the study of topological Einstein-Maxwell theory 
since extended supergravity theories involve a Maxwell field (the so-called gravipho- 
ton) in addition to the vielbein fields. Topological gravity can also be viewed as a 
BF-type model and has been studied from this point of view in a series of papers [23]. 

Though most works on topological gravity concern space-time manifolds of di- 
mension two or four, generalizations to higher dimensions have recently been intro- 
duced [24]. 

Just as for ordinary gravity, different geometric formulations can be - and in- 
deed have been - developed for topological gravity. The most common one is the 
metric approach: it relies only on the metric tensor field and general coordinate 
transformations as symmetries. If the metric is decomposed with respect to vielbein 
fields, local Lorentz transformations also appear as symmetries (second order for- 
malism). In addition to the vielbein fields, one can consider an independent Lorentz 

^In the present work, we have in mind Lagrangian models as concrete realizations of topological 
theories. Wc do not touch upon the issnc of defining cohomological theories in the most general 
way nor do we address the question of whether or not the Lagrangian versions of these theories 
can always be constructed by twisting some extended supersymmetric model. 
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connection as basic variable (first order formalism) [8]. For ordinary gravity, the 
latter formalism is equivalent to the standard metric approach once the connection 
has been eliminated in terms of the vielbein by requiring the torsion to vanish. The 
equivalence also holds for topological gravity, but the comparison is more subtle due 
to the presence of extra symmetries^ . 

Topological field theories of Witten-type involve one or several shift symmetries. 
This kind of invariancc can be viewed as a relic of supersymmetry transformations 
characterizing the extended supersymmetric theories from which topological models 
may be constructed by performing a twist. Thus, the shift invariance is also referred 
to as supersymmetry transformation and it can be described conveniently in a super- 
space with an odd coordinate [25, 26] (or several odd coordinates for more complex 
models [27]). This formulation, which has been explored previously for topological 
Yang-Mills theories, allows to obtain the symmetries, Lagrangian, etc., in a compact 
form and to apply the standard methods of supersymmetry to topological models. 
In particular, standard results on the ordinary BRST cohomology can be used [28] 
to determine the equivariant cohomology describing the observables of topological 
field theories [26, 29] . For the case of topological gravity, some partial results exist 
concerning the symmetries and the Lagrangian in two dimensions [30] . 

The present paper has two parts. The first part (and the appendix) deals with 
previous work on the symmetries and observables of topological Einstein-Maxwell 
theory. In our presentation, we have tried to be geometric and concise, and to clarify 
the relationship between different formulations considered in the literature. Apart 
from the known observables related to the topological invariants involving curva- 
ture, we construct new observables related to a topological invariant which involves 
torsion and which is not widely known. In the sequel, we develop a superspace ap- 
proach which leads to a complete off-shell formulation for the symmetries. Simple 
field redefinitions allow us to recover the results discussed in the first part. Since 
our superspace approach explicitly involves local supersymmetry transformations 
(parametrized by a single odd variable), it also allows us to compare directly with 
the on-shcll results which have previously been obtained by twisting extended su- 
pergravity transformations [20, 22]. In an appendix, we discuss the metric approach 
and compare with the results obtained for the symmetries and observables within 
the vielbein formalism. Though the metric approach has the advantage of introduc- 
ing a minimal number of fields, it is harder to tackle due to the shift transformations 
which act on the metric tensor field and thereby on covariant indices. Wc hope that 
our study will contribute to a better understanding of the general structure of a cer- 
tain number of results and of the precise relationship between different approaches 
to topological gravity. 

^We note that, although topological gravity can be formulated without vielbein fields, the latter 
necessarily appear - due to the presence of spinor fields - in the extended supergravity theory from 
which the topological model arises by virtue of a twist. 
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2 Topological gravity 



After specifying the geometric framework, we will discuss the symmetries and observ- 
ables for topological gravity within the first order formalism. The reinterpretations 
to be made in the second order formalism will be commented upon thereafter. 

2.1 Geometric setting 

The geometric set-up and the symmetry algebras presented in the sequel are well 
defined in any space-time dimension d. We will only specify the dimension for the 
discussion of observables where we focus on the dimensions two and four (subsection 
2.2.2). Thus, the geometric arena is a real d-dimensional pseudo-Riemannian man- 
ifold Aid, the local coordinates being denoted by x = {x'^)n=o,...,d-i- Let us briefly 
recall some geometric notions and results that we will use in the sequel [31, 32, 33]. 

BRST formalism Within the BRST formalism, the parameters of infinitesimal 
symmetry transformations are turned into ghost fields. The latter have ghost- 
number g — 1 while the basic fields appearing in the invariant action have a vanishing 
ghost-number. The Grassmann parity of an object is given by the parity of its to- 
tal degree defined as the sum p + g oi its form degree p and ghost-number g. All 
commutators and brackets are assumed to be graded according to this grading. 

The BRST operator, which is denoted by 5, acts on the algebra of fields as an 
antiderivation which increases the ghost-number (and thus the total degree) by one 
unit. It is assumed to anticommute with the exterior derivative d. 

Vector fields, inner product and Lie derivative For a vector field w = w^d/j, 
on Aid, the total degree is given by its ghost-number which we denote by [w]. It is 
said to be even (odd) if [w] is even (odd). 

The Lie bracket [u, v] of two vector fields u and v is again a vector field: this 
bracket is assumed to be graded so that its components are given by 



The interior product i^ with respect to the vector field w = w^d^ is defined 
in local coordinates by iy^ip — for 0-forms and iyj{dx'^) — w^. If w is even, the 
operator iyj acts as an antiderivation (odd operator) , otherwise it acts as a derivation 
(even operator). 

The Lie derivative C^, with respect to w acts on differential forms according to 



(2.1) 




(-l)["'l(iz, 



■10 



(2.2) 
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and we have the graded commutation relations 

In the following, the quantity ^ = C,^dfj_ always denotes a vector field of ghost- 
number 1 (representing the ghost for diffeomorphisms) . We then have the following 
identities involving the vector fields ^ and = |[^?^] "well as the previously 
introduced operators (in particular the exponential e*^of the linear operator ^^): 

e'i{XY) = (e^«X) (e^«F) 

e-'^de'^ ^d- C^-i^2 (2.4) 
[S, = is^ e'i , [S, e"^?] = -is^ e"^? . 

2.2 First order formalism 

In the first order formalism of the theory, the basic variables are the vielbein 1-forms 

e = (e")a=o,...,d-i a-nd the Lorentz connection 1-form cu — {u;\). The tangent space 
indices a,b,... are raised or lowered using the constant tangent space metric {i]ab) 
which can be of Minkowskian or of Euclidean signature. In the following, we will 
use the matrix notation e, o;, . . . so as to avoid spelling out the tangent space indices 
a,b,... 

Since topological gravity is expected to originate from a twisted extended super- 
gravity theory, we also introduce an Abelian (Maxwell or U{1)) gauge connection 
1-form a, the so-called graviphoton field that generally appears in extended super- 
gravity theories. 

The respective field strengths of e, cu and a are the torsion 2-form T — De = 
de + toe, the curvature 2-form R — dco + ^[uj,u;] and the Abelian curvature 2-form 
Fa = da,. They satisfy the Bianchi identities 

DR = 0, where DR = dR+ [u, R] 
DT = Re, where DT = dT + coT 
dF, = 0. 

The basic symmetries are diffeomorphisms and local Lorentz transformations 
parametrized in a BRST setting by ghosts ^ = ^^d^ and c = (c%), as well as local 
U{1) transformations parametrized by a ghost u. Note that both u; and c take their 
values in the Lie algebra of the Lorentz group, i.e. u>ab — —oJba and Cah — —Cba- 
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2.2.1 Horizontality conditions 



We introduce the generalized differential d — d + S and the generalized fields [34, 32] 

LJ = e^^ {u + c) = u + c + i^uj , e = e^^e — e + i^e 
a = e*« (a + m) = a + u + i^a , 

. _ (2.5) 

R = dil; + ^[lo , uj] , T = De — de + ue 

F^ = da, 

which imply Bianchi identities for the generalized curvature and torsion forms: 

DR^O, bf^Re 

dh^^. ^'-'^ 

By expanding the generalized 2-forms R, T and Fa with respect to the ghost-number 
we find 



R = Rl + R\ + Rl, with 



i?2 ~ R 

R\ = Suj + Dc^ {c^ = c + i^uj) (2.7) 

2 _ I ^2 



R^ = SC^ C| , 

as well as similar expressions for T and Fa. 

The BRST transformations of all space-time fields then follow from relations 
(2.6) by imposing a horizontality condition, i.e. by specifying R\ and i?Q {R^ being 
necessarily equal to the curvature 2-form R) and by specifying the corresponding 
components of T and Fa. For topological gravity, one imposes the following hori- 
zontality conditions [21] which generalize those of topological Yang- Mills theories^: 

R^e'^{R + ij+~4>), T = e^«(r + ^ + 0) 

^a = e*^(Fa + r/ + t). ^ ■ ' 

Here, ip"" and rj are 1-forms with ghost-number 1, while 0"^, 0" and t are 0-forms 
with ghost-number 2. The fields ip and are Lorentz algebra- valued, i.e. ipab — ~i^ha 
and 4) ah ^-4>ba- 

By substituting the expansion (2.7) and the analogous expansions for T and 
Fa into (2.8), we see that the ghost-number 2 fields 4>\i 4>"' and t appear in the 
<S-variations of the ghost fields so that they represent ghosts for ghosts. Their ap- 
pearance expresses the reducibility of the resulting symmetry algebra, see remark 
(i) below. 

^The geometrical interpretation of horizontality conditions for ordinary and topological Yang- 
Mills theories are discussed in references [32] and [35], respectively. 
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The action of the operator e*^ can be factorized in all terms of equations (2.6) 
and (2.8) by virtue of the following operatorial relation [31, 33] which results from 
equations (2.4): 

{d + S)e'^ ^e'i{d + S-C^ + is^_^2). (2.9) 

Let (p = (p'^dfj, denote the vector field — which appears on the right-hand-side 
and which is of ghost-number 2. The requirement of nilpotency for the variation 
then implies that the <S-variation of the vector field (/? is given by its Lie derivative: 

S^^e + ¥' , Sip^[^,^]. (2.10) 

Since Lp describes a local shift of the diffeomorphism ghost, it parametrizes vector 
supersymmetry transformations [36]. By expanding equations (2.8) and (2.6) with 
respect to the ghost-number, we get the <S-variations of all fields as well as the 
relation (p — i^e. The latter is equivalent to the relation (p'^ — (jfe'^ if we assume 
the vielbcin to be invertible. Thus, it expresses the variable (p in terms of <f) and the 
inverse vielbcin e^. Since it is the field p^ rather than 0, that appears explicitly in 
the BRST transformation of the diffeomorphism ghost it is actually necessary to 
assume the vielbein to be invertible at this stage. 

After the change of variables 

4> (p ■.^4>- v'^ (2-11) 

the S-variations of the basic fields take the simple form 

Se — jC^e — ce + i/j , 
Sip — C^ip — cip — C^e + (pe , 

Suj = C^oj — Dc + 'ip , 
Sip — C^ip — [c, ip] — C^u — Dp , 



Sp 



Sc -- 
Sp 



C^c — + p 
-- C^p - [c, p] - 



(2.12) 



cSa = £^a — du + 7] . Su = C^u + r 

St] = C^rj — C^a — dr , St = C^t — C^u 

and those of the field strengths read as 

SR = L^R - [c, R]-Dip , ST = L{r - cT + ipe - Dip 
5Fa = C^F^ - dr] . 



(2.13) 



By construction, the so-defined 5-operator is nilpotcnt and the results coincide with 
those given in references [21, 18], except for some terms in the 5- variations of p and 
T which are missing in [21] and [18], respectively, and which ensure the nilpotency 
of 5. 
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Remarks: (i) It is easy to understand the origin of all terms appearing in the 
transformation laws (2.12). We only consider the gravitational sector since the ar- 
gumentation for the Maxwell sector proceeds along the same lines. The 5-variations 
of the basic fields e and uo describe diffcomorphisms (parametrized by local 
Lorentz transformations (parametrized by c) and the topological (or shifi) symme- 
try (parametrized by if] and ■0), which is characteristic for topological field theories 
of Witten-type. Obviously, the 5-variation of e is reducible: Se is invariant under 
a shift 5^ — which comes together with the transformation 5%l) — —L^e. Fur- 
thermore, it is invariant under the shift be — (p that goes together with 8'^ — (pe. 
Similarly, the 5-variation of uj is invariant under the shifts 5^ = and 5c = (p 
accompanied by the transformations Sij} = —C^ptu and dip = D(p, respectively. The 
BRST algebra can then be completed by assuming all fields to change hnearly under 
Lorentz transformations and to transform with the Lie derivative under diffeomor- 
phisms: this leads to the reducibility of Sc under the shift = p accompanied by 
the transformation Sp = —C^c. Thus, all terms have a natural interpretation and 
the signs are simply a matter of nilpotency. 

(ii) The supersymmetry or shift operator is given by 

where 5^^^ and denote, respectively, infinitesimal Lorentz and Maxwell trans- 
formations. When apphed to the basic fields and ghosts, it satisfies 

Q' = -c^ - sf^ - 4^) , 

i.e. Q is nilpotent up to infinitesimal diffeomorphism, Lorentz and Maxwell trans- 
formations with parameters (p, (p and r, respectively. 

(iii) An arbitrary shift V'J^ of the vielbein does not preserve the positivity of the 
determinant of the metric [6]. This "problem" can be solved [6] by assuming that 
the shift of the vielbein is described by a local infinitesimal gauge transformation 
associated to the general linear group G'L(n,R), i.e. by assuming to be of the 
form G\^^ with (G^) G GL(?t.,R). The BRST algebra then takes a form which is 
quite similar to (2.12). 

However, topological invariants arc inert under arbitrary shifts of the metric (or 
vielbein) and therefore the positivity of the determinant of the metric does not 
necessarily have to be imposed at this point. 

(iv) By changing generators according to reparametrizations of the form c' = 
c -|- i^u>, ip' = ip + {i^u>)e, . . ., the BRST algebra (2.12) can be cast into equiva- 
lent forms. One such reformulation can be obtained from a different reading of the 
generalized fields and horizontality conditions. This parametrization naturally ap- 
pears in the group manifold approach and the associated rheonomic parametrization 
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of curvatures [20]. In fact, let us read the generalized fields (2.5) as 

uj — uj + , with = c + i^u 
e^e + s^ , with £« = e" = ee« 

k — a + u^, with u^ = u + i^a., (2-14) 

and the horizontahty conditions (2.8) as 

R = R + tP^ + 4>^, f = T + i/j^ + (l)^ 

F^ = F^ + r]^ + ^, ^ ■ ^ 

with if)^ = ip + i^R, (p^ = (p + i^ip + ^i^i^R, etc. Expansion of relations (2.15) with 
respect to the ghost-number immediately yields the 5- variations in their "Lorentz- 
and Maxwell-covariantized form": 

Se = —De^ — c^e + tp^ , Se^ = — c^e^ + 0^ 

Sip^ = —Dcf)^ — c^tp^ + -ip^e^ + , 50^ = ~(^i4>i + 4>i^(, 

5a = —du^ + f]^ , Su^ = 

and 

SR = -Dij^ - [c^, R] , ST^ -Dip^ - c{r + Re^ + ^^e , . 

These expressions coincide with those of reference [20]. An advantage of this para- 
metrization consists of the fact that the field (p^ simply transforms like a commutator, 
exactly as the ghost for ghost in topological Yang- Mills theories. Henceforth, BRST 
invariant polynomials in this variable are generated by Tr (0^)" with n — 1,2, .. . 
We will come back to this point in the next subsection. 

In conclusion, we mention one more change of generators which allows to cast 
the BRST algebra into another equivalent form which appears more or less explicitly 
in the early works on the subject, e.g. see references [13, 14, 8]. In fact, by virtue of 
the reparametrization c — > = c+i^uj and (f ^ (p = (f + i^uj, the 5- variations of the 
gravitational sector, as given by equations (2.12), take the following form involving 
the Lorentz-covariant Lie derivative = i^D — Dif 

Se = L^e - c^e + ip , = ^'^ + (f 

Sip = L^ip - c^ip - L^e + (pe, Sip = ^p] 

Suj — i^R — Dc^ + ip , Sc^ — i^ip + I i^i^R — c| -|- 

Sip = L^ip — [c^, ip] — i^R — , 50 = - [c^, 0] - i^ip . 



(2.18) 
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2.2.2 Observables 



The construction of observables for topological gravity is based on gauge invariant 
polynomials of the curvature form (e.g. Tr {R'^} with k — 1,2,...) and of the 
torsion form. A topological invariant involving torsion has first been introduced 
in four dimensions by Nieh and Yan [37] and has been further discussed by the 
authors of reference [38] who also constructed higher dimensional generalizations. 
The following discussion of the cases k — 2 and k — 1 applies to manifolds which 
are at least of dimension four and two, respectively. 

Case k = 2 : We first consider the gravitational sector and comment on the 
Maxwell sector thereafter. 

The Pontryagin density, i.e. the 4-form = — | Tr{RR} is closed by virtue of 
the Bianchi identity DR = 0: 

dW^ = -Tr{(DR)R} = 0. 

Accordingly, the generalized 4-form W = — | Tr {RR} is annihilated by the gener- 
ahzed differential d = d + S, i.e. 

SW^-dW. (2.19) 

By substituting (2.8) into W and expanding with respect to the ghost-number, we 
obtain ^ 

W^~e'^Tr{(R + i; + ^)(R + i^ + 4>)} = E ^4-.(0 • (2-20) 

^ fe=0 

Here, the ^-dependence is explicitly given by 

= E ^ (hT Wtk\n , (2.21) 

where the polynomials VF^L^ appearing on the right-hand-side have the same form 
as the Donaldson polynomials in topological Yang- Mills theory: 

W^^-^Tr{RR} , W^^-Tr{i,R} , Wi ^ - Tr {4>R + ^i^i,} 

Wf = -Tr{#} , H/o' = -iTr{#}. (2.22) 

In particular, W^{^) = = —^Ti{RR}. If one uses the relation = tp + i^u) 
to express in terms of the variable (p which appears in the BRST transformations 
(2.12), then the polynomials ^2^(0, (0 and W^{^) also depend on the shift ^ 
ofe 
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By virtue of the relation (2.19), the polynomials (2.21) satisfy the descent equa- 
tions^ 



with 0<k<3 



(2.23) 



The polynomials W^_f,{^) represent elements of the so-called equivariant cohomol- 
ogy [26, 29] of topological gravity. By contrast to the case of topological Yang- Mills 
theories, a ghost associated to gauge transformations, namely the diffcomorphism 
ghost ^, appears in the cohomology classes [7]. However, this ghost docs not play 
the same role as the ghosts c and u associated to Lorentz and Maxwell gauge trans- 
formations (since its action amounts to moving points on the space-time manifold) 
and its presence is actually necessary [15]. 

In four dimensions, another set of observables can be obtained from the Euler 
class = —^Tr{eabcdR"''^R'^'^} whose integration yields the Euler characteristic. 
One follows the same procedure, i.e. one expands V = - ^Tr {eabcdR''''R'"^} with 
respect to the ghost-number as in equation (2.20): V — YII=q Vl_^{^). 

Since dW = = dV, we also have d{W"'V'') = for m,n G {0, 1, . . .}. By 
expanding W'^V'^ with respect to the ghost-number, one obtains further represen- 
tatives of the cohomology algebra [17]: 



4(m+n) 




(0 + w 



4(m+n)-l 



(0 + 



4(m+n)-4 
W4 



(0, 



with 



4(m+n) 
4(m+n)-l 



(0 
(0 



n 



<(0 



n-l 



m— 1 



(2.24) 



etc. 



An obvious question is whether or not there exist further elements in the gravita- 
tional sector of the equivariant cohomology which are related to the curvature form. 
To address this problem, it is useful to recall the variables and cf)^ introduced in 
equation (2.15) and to invoke a simple argument put forward in reference [20]. Due 
to the very definition of and 0^, we can read expression (2.20) as 

W^~Tr {{R + V;^ + 4>^){R +^^ + 4>^)} , (2.25) 

so that the polynomials W^_i^{^) arc the Donaldson polynomials (2.22) with if) and 
(j) replaced by and (j)^, respectively. In particular, we have Wq{^) = —\ Tr {0^^^}. 
This result is consistent with the comment (made after equation (2.17)) that the 

^We note that the <S- variation of (j) is given by Scj) — £^(f> — [c, (p] — i^ip. 
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iS-invariant polynomials in (p^ are generated by the Lorentz invariant polynomials 
Tr (0^)" with n — 1,2, .. . More specifically, for the four dimensional case that we 
consider here, the 4x4 matrix 0^ has the four invariants Tr0^, Tr(^^)^, Tr(^^)^, 
Tr (0^)^, but Tr0^ and Tr((/)^)^ vanish due to the antisymmetry of the matrix 0^. 
Thus, the only non-trivial invariants are Tr {4>^Y ^"^^ Tr ((/>5)^, where the latter is 
generated by the former and Tr {Sabcd(l>f''i>f'} due to the identity 

Tr = ^ (Tr {£.,e.0f 0f })' + \ (Tr {^,f)" . 

Thus, for k = 2, the polynomials W^{^) oc Tr {0^0 J and V^{0 oc Tr {eabcd(i>f(t>f} 
generate the whole cohomology of the Lorentz connection sector. To summarize, the 
fact that the part of the BRST algebra which involves the Lorentz connection can be 
cast into a form that is isomorphic to the BRST algebra of topological Yang-Mills 
theory allows us to invoke the known results concerning the equivariant cohomology 
of the latter, e.g. see ref . [28] . 

Let us now turn to the vielbein part of the gravitational BRST algebra. Quite 
remarkably, there exists a local expression given by the vielbein and connection 
fields whose integral only depends on the topology, i.e. on the global properties of 
the space-time manifold. In four dimensions, this topological invariant related to 
the torsion is the integral over the Nieh-Yan form [37, 38], i.e. the 4-form 

ZO = ~{TT - eRe) = —{T'^T, - e-Ra^e') . (2.26) 

The latter vanishes if the torsion vanishes (due to the Bianchi identity Re = DT). 
Furthermore, this form is closed and locally exact: d{eT) = D{eT) = ~2Z^. Ac- 
cordingly, we can proceed as for the Pontryagin or Euler density, i.e. exploit the 
fact that the generalized 4-form Z = ~{TT — eRe) is annihilated by the general- 
ized differential d — d + S. Thus, we expand Z with respect to the ghost-number 
analogously to the expansion of W in equations (2.20) and (2.21). By construction, 
the polynomials Z^_i^{^) appearing in this expansion satisfy the descent equations 
(2.23). Explicit expressions can readily be obtained from those of e,T,R given in 
equations (2.5) and (2.8). The results take a concise form when written in terms of 
the reparametrized ghosts ^5, 0^, ^5, 0^ introduced in (2.14) and (2.15): 





-^{TT-eRe) 


zliO = 


-{Tip^ - e^Re - ^eip^e) 


zm = 




zKO = 




zm = 
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Last, we consider the Maxwell sector. It represents a topological Yang-Mills 
theory with Abelian gauge group which entails that the observables are generated 
by the 4- form Fa Fa. 

By combining all of these results, one concludes that the most general elements 
of the equivariant cohomology for topological gravity are obtained by considering 
appropriate products of the expressions constructed in the gravitational and Maxwell 
sectors. 

Case k — 1: This case can be treated along the same lines while starting from the 
closed 2-form 1^2° = ^^^Rab- the generahzed 2- form 

W = e'^Rab = + WliO + W^o (0 (2.28) 
then satisfies dW — (i.e. SW = —dW) and involves the polynomials 

Wl{0=e''\i,ab + ii,Rab) (2.29) 

^"0(6 = £'"\kb + i^ab + \HkRab) ■ 

Prom dCW)"- = for n = 1,2,... and from the expansion (#)" = w'^'^ + tw^""^ + 
102""^, one obtains more general representatives of the equivariant cohomology al- 
gebra in two dimensions [10, 12]: 

w^-' ^ niWrniWrn""-' (2-30) 

wi--' = n[wm[wmr' + ln{n- i)mor-'[wm? ■ 

There is no topological invariant related to the torsion in two dimensions [38]. In 
the Maxwell sector, the basic invariant is given by the 2-form Fa. 

2.3 Second order formalism 

We only discuss the gravitational sector since the Maxwell sector is not modified. 

If we require the torsion form to vanish, the connection becomes a function of the 
vielbein (and its inverse) which is now the only independent field in the gravitational 
sector: 

uJabc = ^iPabc + Pbca - Pcab) , with = {d^el - a,e»)e^e^ . (2.31) 

For consistency, one also has to require the 5- variation of the torsion to vanish. By 
virtue of equation (2.13), this implies that ip is no longer an independent ghost, 
rather it is a function of the ghost ^0 and the vielbein: 

^\e^ = Dil}"" . (2.32) 
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Note that relation (2.31), as well as the solution of (2.32) with respect to i/j, again 
rely on the assumption that the vielbein is invertible. 

In summary, in the gravitational sector, the basic variable is the vielbein e and 
we have ghosts ^, c, ^/^ as well as ghosts for ghosts and with the nilpotent 
5-variations 

Se = C^e — ce + ip , Si/j = C^ifj — ci/j — C^^e + (pe 

Sc — C^c — + (f , S(p = L^(p — [c, (^] — L^pC (2.33) 

Henceforth, the only difference with the first order formalism consists of the fact 
that a;, and their 5-variations 

Suj = L^bJ -Dc^i) , S^^ C^ijj - [c, ijj] - C^uj - Dip (2.34) 

are no longer independent expressions, but merely consequences of T = 0, ST — 
and of the variations (2.33). A fortiori, the Lorentz part of the equivariant cohomol- 
ogy is not modified up to the fact that uo and if) have the explicit form (2.31) and 
(2.32) in terms of e and ^. Some of the results of the metric approach simply follow 
by combining the vielbein fields into a metric tensor g^^y = rjabe.'l^e'l, see appendix A. 

3 Superspace approach 

After introducing superspace and the geometric objects that it supports, we derive 
the symmetry algebra of topological gravity from a few simple transformation laws 
in superspace. As before, we do not need to specify the space-time dimension for 
the discussion of symmetries. 

3.1 Supersymmetry and superspace 

Rigid supersymmetry is defined by an odd generator Q satisfying the Abelian super- 
algebra = 0. Field theoretic representations are given by doublets and singlets, 
and they are readily obtained from a superspace construction: we extend the d- 
dimensional space-time manifold by a single Grassmann variable 9 so as to obtain 
a superspace parametrized by local coordinates {x,9). Then, a superfield is, by 
definition, a function on superspace, 

F{x,e) = fix) + 9f;>ix), (3.1) 

transforming under an infinitesimal supersymmetry transformation as 

QF = deF , (3.2) 
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which yields the following action of Q on the component fields: 



Qf-fe. Qfe-O. (3.3) 

In expression (3.1), the component field / has the same Grassmann grading as F 
while its superpartner fg has the opposite one. We assign a "supersymmetry ghost- 
number" {SUSY-number OT SUSY-charge for short) to all fields and variables: this 

charge is defined by assigning the value —1 to the variable 9 and, quite generally, 
an upper or lower ^?-index on a field corresponds to a charge —1 or +1, respectively. 
The generator Q raises the SUSY-number by one unit. 

A p-superform admits the expansion 

Op(x, e) = Y, ^p-k{x, e) {def , (3.4) 

fc=0 

where flp-k has k ^-indices that we did not spell out. The components Qq{x,0) of 
the p-superform are g-forms whose coefficients are superfields: 

ftg{x, ^) = ^ ^i^i-nS^, dx^' ■ ■ ■ dx"" = Uq{x) + euj'gQ{x) . 

In the previous expression and in the following, the wedge product symbol is always 
omitted. Moreover, we will adhere to the notational conventions considered in the 
previous expressions: functions or forms on ordinary space-time are denoted by 
small case letters, superfields (or space-time forms having superfields as coefficients) 
by upper case letters and super p-forms with p>l (i.e. p-forms in superspace with 
superfields as coefficients) by upper case letters with a "hat" . 

A supervector field has the form E{x, 9) = E'^{x, 9)d^ + E^{x, 9) do = S^9m where 
M denotes a supercoordinate index (i.e. M — fj, or M — 9). The graded Lie bracket 
of two vector fields Si and S2 is again a vector field whose components are given by 

with a plus sign if both 5i and H2 have odd ghost-number, and a minus sign other- 
wise. 

We now proceed to introduce the standard differential operators in superspace. 
The exterior derivative is given hj d = d -\- d9dg with d = dx^d^. We have the 
relations = = c?^ = (dOdg)^ = [d,d6dg] where the bracket [■,■] denotes the 
graded commutator. The Lie derivative £s with respect to the supervector field S 
acts on a superform according to £5 = [^s, (where i.^ denotes the inner product 
operation) and we have the graded commutation relation [jO-a^,jC^^] — jC^^^ ^.^j. 

A local, infinitesimal supersymmetry transformation is given by a x-dependent 
translation of the ^-variable, i.e. 9^9 + £^{x). Thus, it is a supercoordinate 
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transformation generated by the vector field e^{x)de. The latter acts in superspace 
by virtue of the Lie derivative, e.g. on a superfield: 

5,F{x, 9) = e\x)deF{x, 9) . (3.5) 

The induced variations of the component fields read as 

5,f{x)=e\x)f,{x) , Sj;,{x) = 0. (3.6) 

Obviously, the rigid supersymmetry transformations SF — sQF with e constant 
represent a special case. 

3.2 Fields and symmetries 

The basic variables in the gravitational sector of the theory are the connection 
super 1-forms VL°'i,{x, 9) associated to local Lorentz transformations and the vielbein 
super 1-form E"'{x,9). We do not introduce superforms with ^-indices, f2%(x, ^) or 
E^{x, 9). In fact, QPq = since the action of the Lorentz algebra on scalars is trivial 
and & only transforms linearly and solely under supercoordinate transformations, 
henceforth there is no obstruction for its vanishing. We shall however come back 
to this point in subsection 3.5. In the Maxwell sector, the basic variable is the 
connection super 1-form A associated to local U{1) transformations. 

Within the BRST formalism, the parameters of infinitesimal symmetry transfor- 
mations are turned into ghost fields (having a ghost-number 1): thus, wc have the 
Lorentz and Maxwell ghosts C"fe(x, 9) and U{x, 9) which are superfields and the su- 
perdiffeomorphism ghost S which is a supervector field. The connection Cl and ghost 
C both take their values in the Lorentz algebra, i.e. flab = —f^ba and Cab — —Cba- 
For the ghost vector field S, it is convenient to introduce the notation 

^ \ [5, H] , i.e. {E?r = S'^^.S'' + S'^^S"" , 
in terms of which we can write (>Ce)^ = Ca2- 

3.3 BRST transformations in superspace 

The Grassmann parity of an object is given by the parity of its total degree which is 
now defined as the sum p -|- -|- s of its form degree p, ghost-number g and SUSY- 
number s. All commutators and brackets are assumed to be graded according to 
this grading. 

We collect all symmetry transformations in the superspace BRST transforma- 
tions which can be written in the following way, using obvious matrix notation like 
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E for E"" and for l^^f,: 

SE = CaE -CE , sh = Cdl -DC , sA = CaA - dU , . 
SE^E^ , SC^ L^C - C2 , SU = CdJ . 

Here, DC = dC + [Q, C] and the given 5-operator is nilpotent. 

We note [39] that the transformations laws (3.7) may be deduced from horizon- 
tahty conditions involving the torsion and curvature superforms 

f = dE + ClE, R = dn + Cl'^, F = dA. (3.8) 

Indeed, let us introduce the extended superforms S = E,0 = Q + C,A = A + U 
and the extended differential A = d + S ^ Ca- The nilpotency requirement for A is 
equivalent to the transformation law iSS = S^. The extended torsion and curvature 
superforms 

T = A£ + 0£, 7^ = AC) + 0^ T = AA (3.9) 
then satisfy the extended Bianchi identities 

AT + OT-n£ = 0, A7^+ [C,7^] = 0, A^ = 0. (3.10) 

The BRST transformations (3.7) now result from the horizontality conditions 

r^f, n^R, T^F 

and substitution of these conditions into the extended Bianchi identities (3.10) di- 
rectly yields the transformation laws of the torsion and curvature superforms: 

sf^jC^f-Cf, SR^ C^R-[C,R], SF = CaF. (3.11) 



3.4 Projection to component fields 
3.4.1 General gauge 

In order to obtain the space-time BRST transformations, we introduce the superfield 
components of superforms, 

E« = E'^ix, 6) + de E^{x, 0) with E" = dx" E^ 
Q\ = Q\{x, 6) + de Q.lb{x, 9) with Q\ = dx^ Q^^ (3.12) 
A = A{x, 9) + d9 Ae{x, 9) with A = dx^' A^, , 

as well as the space-time components of the latter: 

E-{x, 9) = e«(x) + 9re{x) , E^ix, 9) = xg(a^) + Oreei^) 

Q\{x, 9) = uj\{x) + e^ebix) , ^U^, 9) = Xeb{x) + 94'eUx) (3-13) 

A{x, 9) = a(x) + 9ri0{x) , Aq{x, 9) = a0{x) + 9t0g{x) . 
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Similarly, we define the component fields of the ghost superfields: 

e) = e%x) + ee'{x) , U{x, 9) = u{x) + Ou'^ix) . ^ ' 

In the sequel, we will omit the indices labeling space-time fields in order to 
simplify the notation and we will use the short-hand notation ^{x) = ^^{x)d^ and 

i\x) = ^'^{x)d,. 

Prom equations (3.7) it follows that the BRST transformations of space-time 
fields take the following form (where Dc = dc-\-[uj,c\ denotes the Lorentz covariant 
derivative) : 

Se — L(e — ce + eif} — de X 

Sip — C^ip — jC^'B — cip + c'e — e'lp — de' x~ decj) 

Sx = Ax - k'^ - cx + £0 - e'x (3.15) 

S(j) — C(^(t> — C^i'X ~ k''^ — c(f)-\- e'x — 

Su = C^u — Dc + ei/j — de X 

Sip = C^ip — C^iuj — [c, ip] — Dc — e'lp — de'x — de ep 

'5X = Ax - - [c, x] - c' + £0 - e'x ^ (3.16) 

S^ = C^4) - C^ix - k'"^ - [c, 4>] + [c, x] - 

Sc = C^c -c^ + ed 

Sd = L^d - Ac - [c, d\ - e'd (3.17) 
Si^e + e^', S^'^[i,i'\-e'i' 
Se — -I- ee' , Se' — L^e' — L^ie . 

Sa. — £ga — du + er] — de a 

St] — C^T] — C^i& — du' — e'r] — de' a — det 

Sa — C^a — i^ia — u' + et — e'a 

St = C^t - C^>a - i^ir] - 2e't (3.18) 
Su — C^u -\- eu' , Su' = C^u' — C^'U — e'u' . 

We note that these 5-variations describe eight local symmetries, parametrized by 
the ghosts £, c, u and ^' , e', c', u' . The first four ones are the diffeomorphism, 
local supersymmetry, local Lorentz and local Maxwell transformations whereas the 
last four ones may be called vector supersymmetry, R- (or Fayet) transformations 
and supergauge transformations. As we shall see in the next subsection, one may, 
if one wishes, gauge fix the three local invariances parametrized by d , u' in an 
algebraic way. In addition, the positive SUSY-numbers can be traded for positive 
ghost-numbers by rescaling fields with appropriate powers of £, the consequence 
being that the parameters e and e' disappear from the BRST transformations. 
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3.4.2 Wess-Zumino gauge 

Besides the physically relevant fields and symmetries, the superfield formalism gen- 
erally introduces some additional fields and symmetries which can be eliminated in 
an algebraic way by imposing supergauge conditions of Wess-Zumino (WZ) type. 
In the present case, the WZ gauge is defined by the choices 

X = , x = , (7 = 0. (3.19) 

and it corresponds to the gauge-fixing of the local invarianccs parametrized by the 
ghosts c' and u'. In fact, by virtue of equations (3.15), (3.16) and (3.18), the 
»S-invariance of the choices (3.19) requires the conditions 

£(j) — i^>e = , £0 — i^ioj — c' = , et — i^/a — ti' = . (3.20) 

The latter allow us to ehminate the ghosts d and u' , 

^'M = ^ d ^e(p , = £r , (3.21) 

where (p and r are defined by 

(/7^ = 0"e^ , ^ = 0-va; , T^t-i^a. (3.22) 

Here, (e^) denotes the inverse vielbein, i.e. the vielbein (e°) is assumed to be 
invertible at this point. If we consider = ^''^e^, the first equations in (3.21) and 
(3.22) can be rewritten as = £0" and = 0" — i^e"', respectively. Thus, each of 
the three expressions appearing in equations (3. 19), (3. 21) and (3.22) have the same 
form. 

By substituting the WZ gauge choices (3.19) and their stability conditions (3.21) 
into the 5- variations (3.15)-(3.18), we find the BRST transformations in the WZ 
gauge. Since the WZ gauge choices do not affect diffeomorphisms, Lorentz and 
Maxwell transformations, we will only display the other contributions to the BRST 
transformations, i.e. the parts parametrized by e and e'. For any space-time field / 
with SUSY-number af, the variation reads as 

S^^f^afs'f, (3.23) 

very much like Fayet's i?-transformation in ordinary (i.e. Poincare) supersymmetric 
field theory. The local supersymmetry transformations read as 

S^e — eip , 5ei^ = —e{C^e — (pe) — 2{de){i^e) , 5^^ = e^^ 

Seio = eip , Setp = —e{C^pU + Dip) — 2{de){ip + i^Lij) , 5£C = e^Lp (3.24) 

SeS- = ST] , SeT] = — £(>C<^a -|- dr) — 2{de){T + i^^a) , SeU = e^T 

and 6i;S' = —eC^e. These results coincide in parts with the on-shell expressions 
obtained in references [22, 20] by twisting the on-shell version of = 2 euclidean 
supergravity^. 

comparison of both the field content and symmetries before and after the twisting of an 
extended (rigid or local) supersymmetric field theory shows that the operations of twisting and of 
reduction to the mass-shell (i.e. elimination of auxiliary fields) commute with each other. We wish 
to thank B. Spence for kindly illustrating this point to us. 
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In order to obtain the shift symmetries of topological gravity, one has to ab- 
sorb the parameter £{x) of local supersymmetry into the fields, just as one does in 
topological Yang-Mills theory for the constant parameter e of rigid supersymmetry, 
e.g. see reference [28]. More precisely, we absorb all ^-indices of the fields (which 
have been explicitly displayed in expressions (3.13)) by rescaling these fields with 
appropriate powers of £ = e^. Since e has SUSY-number —1 and ghost-number 
1, this rescaling amounts to assigning positive ghost- numbers to these fields rather 
than positive SUSY-numbers. Thus, let us redefine the variables according to 

i'o = ei> , iJo = eip , r]o = er] ^5) 

without modifying the basic fields e,a;,a and the ghosts ^,c,u. Then, the BRST 
transformations in the WZ gauge take the form 



Se = C^e - ce + i/jQ , = ^'^ + (fo 

Sipo = C^i>Q - cipo - C^qC + (foe , Sipo = [C, (fo] 

Suj — C^uj — Dc + '00 , Sc — jC^c — + (fo 

Si/jo = C^ipo - [c, V^o] - ^C^qO; - D(fo , S(fio = ^^<fo - [c, (fo\ - ^>foC 



(3.26) 



(3.27) 



and 

<Sa = jC^a — du + rjo , Su — C^u -\- Tq 

Srio = C^rjo - C^^a - dro , Stq = jC^tq - C^^u . 

Supersymmetry is now realized as a rigid symmetry, as usual for the shift supersym- 
metry of topological field theories. Remarkably enough, the transformation laws 
(3.26)(3.27) coincide with those obtained in equations (2.12), i.e. those of refer- 
ence [21]. The parameter e has disappeared from these <S- variations, because it has 
been absorbed into the fields so as to define new fields with vanishing SUSY-number. 
Consequently, the parameter e' parametrizing the SUSY-number symmetry accord- 
ing to eq.(3.23) does not occur either in these transformation laws. To be more 
precise, e and e' only appear in Se and Se' which variations can simply be omitted 
since they decouple from the others. 



3.5 Alternative approach 

Interestingly enough, the BRST algebra (3.26) (3.27) can also be obtained by starting 
from different fields and symmetries in superspace. More precisely, let us discard 
the U{1) superconnection A as well as the associated ghost U, and let us supplement 
the super 1-form with a ^-component & transforming as S& — ■ In other 
words, we are now considering the complete superspace vielbein matrix: 




(3.28) 



19 



The expansion of E reads as 



^ E\x,e) + deEi{x,e) 



with E^^dx^E 



i6> 



and 



E%x, e) = a.\x) + 9r]{x) , E^g{x, 9) = a^g{x) + ete{x) . 



Here, the space-time components of E and Eg have been denoted by the same letters 
as the components of A and in expressions (3.13), except for the fact that these 
components now carry an extra upper index 9. By projecting the superspace BRST 
transformations to space-time components, one gets the <S-variations (3.15)-(3.18) 
with u = = u' in the last set of equations. 

The WZ gauge choices are again given by x = = x (see eqs.(3.19)), but the 
condition a = ag = is now replaced by ctq = 1. As before, the stability of the 
gauge choices X = = X under 5-variations implies ^''^ = etp^ and c' = eip. The 
stability of the condition (Tg = 1 now leads to 



and thus allows us to eliminate the ghost e' by virtue of the relation e' — er with 
T = te — i<pSi^- If we substitute all of these expressions into the transformation rules 
(3.15)-(3.18) and subsequently perform the field redefinitions (3.25), wc again obtain 
the BRST transformations (3.26), as well as (3.27) with u replaced by e. Henceforth, 
the £-transformations (which only concern the field a and its partners rjo, Tq) should 
no longer be interpreted as local supersymmetry transformations, but rather as 
C/(l) gauge transformations. Accordingly, the space-time field a is to be viewed as 
Maxwell potential, i.e. as graviphoton field. Of course, this reinterpretation of the 
variables e, a, rjo, tq requires a change of statistics for each of them. Since all of these 
fields carry an (upper) index 9, our reinterpretation is tantamount to dropping this 
index, i.e. shifting their SUSY-number from one to zero. There is no obstruction to 
this shift, because the ghost e' parametrizing the SUSY-number symmetry has been 
eliminated by virtue of the WZ gauge choices. 

Remcirk: The stability of a non-vanishing value for is ensured by condition 
(3.29) which determines the ghost e' in terms of the ghost £. Since the variable 
represents the lowest component of the superfield Eg, this condition (together with 
the invertibility of the vielbein matrix (e^) which is related to the stability of the 
gauge choice x = 0) ensures that the supervielbein matrix (3.28) is invertible. Let 
us stress that this invertibility has only to be imposed in the Wess-Zumino gauge. 
Degenerate supervielbeins may well appear in a general gauge. This situation is 
somewhat reminiscent of the fact that the invertibility problem does not manifest 
itself in 3-dimensional quantum gravity if the latter is expressed as a topological 
theory of Chern-Simons or of BE type [40, 33]. 



ete — z^/a^ — e' — , 



(3.29) 
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It is puzzling that two approaches involving different fields, symmetries and 
gauge choices lead to space-time results of the same form. To elucidate this point, 
we consider the <S-variations (3.18) which have been obtained in a general gauge, in 
the case where Maxwell transformations were included at the superspace level: 

Sa, — —du — {de)a + . . . 
St] = -du' - {de')a + ... 
{S — C^)a — —u' — e'a -\- at — z^/a . 

Thus, the parts of the iS-variations in superspace that are parametrized hy U = 
u + 9u' and 'EP = e -\- 9e' yield the same space-time results for 5a, S-q and Sa up to 
a factor a: for every term in u or u', respectively, there is analogous term in e or e', 
multiplied by a. In the superspace approach based on A and U, the gauge choice 
(7 = implies 

<Sa = —du + . . . 

St] — —du' -|- . . . , with u' — e{t — i^a) . 

By contrast, in the approach based on and U — (i.e. u — — u'), the gauge 
choice a — 1 implies 

<Sa = -de + . . . 

Sr] — -de' -I- . . . , with e' — e{t — z^a) . 
3.6 Observables 

Superspace expressions for the observables related to the curvature may be obtained 
by viewing the theory as a topological gauge theory associated to the Lorentz group 
and to a U{1) group: the methods developed for topological Yang-Mills theories 
in reference [28] can then be applied. They also allow us to obtain space-time 
expressions for the observables in a general gauge (and not just in the WZ gauge). 

4 Remarks on the gauge fixing 

The complete Lagrangian for topological gravity can be constructed by gauge fixing 
the shift symmetry (characterizing a topological invariant) by virtue of a condition 
which localizes the path integral so as to describe a moduli space of interest, e.g. see 
ref. [21]. Examples of such gauge choices which can be imposed onto the Lorentz 
connection are the flatness condition R^^ = (which is admissible in any space-time 
dimension), the half-flatness or self-duality condition it!~^ = (in four dimensions) 
or the condition of constant scalar curvature (in two dimensions) [41, 14, 16]. 

On a four-dimensional Riemannian manifold with SU{2) holonomy, one has the 
following remarkable result concerning self-duality [42, 21]. The curvature two- form 
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R\ of a torsionlcss connection c^"fe(e) satisfies the self-duality condition R^i^ = 
(where X~,^ = l{Xab - IsabcdXcd)) if and only if uj%{e) is self-dual, i.e. a;^fe(e) = 0. In 
this respect, we note that the gauge group 5*0(4) is locally given by SU (2)+(8)S'C/(2)_ 
and that the condition R~fj = is S'0(4)-invariant, whereas the condition a;~^(e) = 
is only S'[/(2)_|_-invariant. The self-dual part ct;jj(e) transforms like a connection 
and the SU{2) holonomy corresponds to a reduction of the S'0(4)-frame bundle to 
a )S'[/(2)-bundle. Accordingly, one expects a restricted action of local orthonormal 
transformations on fields like the one encountered in reference [22]. 

Alternatively, the complete Lagrangian may be obtained by twisting N = 2 
euclidean supergravity [20, 22] on a Riemannian four-manifold with SU{2) holonomy. 
Indeed such a manifold admits two covariantly constant chiral spinors that can be 
used to perform the twist of the gravitinos and of the parameters of supergravity 
transformations so as to give rise to shift transformations parametrized by a variable 
e{x). (This was recently done in detail using an on-shell formulation [22]). Our 
discussion in subsection 3.4.2 shows that the variable e{x) has to be absorbed in 
an appropriate way into the fields if one wants to cast the shift transformations 
into a standard form and to compare with the models constructed by gauge fixing 
a topological invariant. 

The twist of supergravity transformations not only gives rise to local supersym- 
metry transformations parametrized by the scalar e{x), but also to a vector and a 
tensor supersymmctry for which on-shell expressions have been given in reference 
[22]. By contrast to the global vector supersymmctry transformations encountered 
in topological Yang-Mills theory [43], the local vector supersymmctry of topolog- 
ical gravity does not leave invariant the fundamental fields (i.e. the vielbein and 
graviphoton) and therefore appears to act non-trivially on the topological invariant 
from which the complete Lagrangian originates by gauge fixing. Thus, this sym- 
metry may be more restrictive for the perturbative renormalization of topological 
gravity than it is for topological Yang-Mills theory. 



5 Concluding comments 

We have shown that the graviphoton field a^ can be implemented in the superspace 
approach in two different ways, namely using an independent Abelian superconnec- 
tion as in subsection 3.4 or, maybe more geometrically, using a complete superspace 
vielbein as in subsection 3.5. Although both implementations involve different lo- 
cal symmetries, they turn out to be equivalent in the sense that they lead to the 
same space-time BRST algebra, once the supergauge is fixed according to suitable 
Wess-Zumino type conditions. 

It is worth mentioning once more that the vielbein matrix does not need to be 
invertible in superspace, although the formulation in the Wess-Zumino gauge (that 
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corresponds to the various formulations considered in the hterature), necessitates 
an invertible vielbein, i.e. a metric which is nonsingular at every space-time point. 
Thus, the theory written in superspace in a general supergauge might have further 
significance than the one defined in the Wess-Zumino gauge. 
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A Appendix: Metric approach 

We will only discuss the gravitational sector since the Maxwell sector can be treated 
as in the vielbein formalism. 

Notation: The metric formulation involves tensor fields, e.g. the metric tensor 
field g = g^^dx^ ® dx". Their variation under an infinitesimal change of coordinates 
generated by the vector field w — w^d^ is given by the Lie derivative £^ as acting 
on generic tensor fields, e.g. 

i^wQixu = {i^wg)iiv = w^dpg^^ + {d^w'')gp^ + {d^w'')gpp, . (A.l) 

In particular, the action of on a vector field ip — ip^d^ is the Lie bracket (2.1): 
C^ip^" = [w, (p]>'. 

The metric tensor field can also be viewed as a 0-form with values in the covariant 
rank-two tensors. Along the same vein, the collection (FJ^^) of Christoffel symbols 

may be regarded as a matrix-valued 1-form, V^^r = rj^^^-c/x^. Thus, these geometric 
quantities can be acted upon by the linear operator lyj = [z^, d] — iy,d -\- {—l)^'^^diy,^ 
e.g. 

(CF)^. = ^^a,F^. + (aX)rA. . (A.2) 

Note that the operator 1^, and the Lie derivative act in the same way on forms 
which do not carry extra curved space indices iJ-jiy, . . ., like the forms appearing 
in the vielbein formalism (which carry extra tangent space indices a,b, . . .). This 
should be kept in mind when comparing the results below with those presented in 
the main body of the text. 
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Fields: As in tlie second order formalism, we eliminate the Lorentz connection lo in 
terms of the vielbein e by requiring the torsion to vanish. The metric tensor given 
by Qixv — Vab^^^t can then be considered as the only independent variable. 

Symmetries: The BRST algebra reduces to the following well known form [6]: 

Here, the symmetric tensor field ^ with components 

= Vabie^ipt + eyl) = ^P^, + V^,^ (A.4) 

is to be viewed as a new variable that is usually referred to as gravitino field. 

We note that the diffeomorphisms can be completely decoupled by introducing 
the operator S = S — JC^ which satisfies <S = — The variations of g, ^ and ip, as 
given by (A. 3), then read as 

Sg^"^ , S-^ = -C^g , S(p = Q. (A. 5) 

Thus, one has a close analogy with topological Yang-Mills theory where S corre- 
sponds to the SUSY-generator Q that is nilpotent up to an infinitesimal gauge 
transformation . 

From equations (A. 3), it follows that the Christoffel symbols describing the Levi- 
Civita connection transform as 

sT"^^ = ikry^, + v.id^e) + . (A.6) 

Here, l^T is given by (A. 2) and denotes the covariant derivative with respect 
to the Lcvi-Civita connection, i.e. V^f''^ = d^v^^ + T''^^x'^\ — T^o-^^A' while the 
components of the third rank tensor ^' are defined by 

Since the variable dcr$,'^ appearing in equation (A.6) does not define a tensor field, the 
expression V^(9o-^'^) only represents a convenient notation. As a matter of fact, the 
right-hand-side of equation (A.6) can also be written in terms of the Lie derivative 
acting on tensor fields [32] : 

However, just as for expression (A.6), this only represents a convenient notation 
since the Christoffel symbols do not define a tensor field. 
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A.l Horizontality conditions 



By using matrix notation, we can derive the BRST algebra (A. 3) (A. 6) from an 
horizontality condition. To do so, let us introduce the matrix-valued forms 

r = r^dx'^ , with = (r^j (a.9) 

E = ^ R^.dx'^dx" , with E^. = {R'a^.) , 

where R denotes the curvature 2-form associated to the Lcvi-Civita connection. The 
connection forms cu and F are related by a formal gauge transformation involving 
the matrix of vielbein fields E = (e^) : 

uj^^ET^E-' + Ed^E-K (A.IO) 

Accordingly, the curvature 2-forms R and R associated to cu and F, respectively, are 
related by a similarity transformation: R — ERE"^. 

Let us now consider the generalized fields [44] 

t = e'^iT + u)^L + v + ^r, with v^{vP^) = {d,^P) 
R = dr + t^ , with d^d + S. 

By construction, R satisfies the generalized Bianchi identity = = dR + [F, ^]. 
Since {v + igF)''^ = V^^'', we also consider the covariant derivative Va^^ as well as 
the combination of covariant derivatives (A. 7) which describes the shift of F: 

i = (^''j , with = v^cp" 

i = i^rfx^ with = (^e^) . (A. 12) 



The horizontality condition then reads as 

E = e^f(E + i + i) (A.13) 
and we can proceed as in subsection 2.2.1 to derive the BRST transformations. 

~ 1 ~ 2 

(Instead of assuming the fields ^I^^^ and $o appearing in (A.13) to be explicitly given 
by (A. 12), we could also assume them to be undetermined. The consistency of the 
resulting BRST transformations with the known 5-variations of ^ and g and with 
the expression for the Christoffel symbols in terms of the metric, then implies the 
relations (A. 12).) 

Thus, wc use the operatorial relation (2.9), the definitions (2.10) which arc part 
of the basic algebra (A. 3), as well as a change of variables that is analogous to (2.11): 
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Thereby, the <S- variations following from the expansion of (A. 13) and of the Bianchi 
identity = take the form 



ST = l^T-Vv + ^, S^ = /gi. - [v, ^] - l^T - 

Sv = l^V-V^ + i£, S(£ = l^i£_ - [v, 0] - l^V (A.14) 

si = e + v, s^ = [e, ^] 



and 



SR = li:R - [v, E] - , (A. 15) 

where Vv = dv + [L, t;]. Due to relation (A. 10), the BRST algebra (A. 14) of the 
metric approach has exactly the same form as the BRST algebra (2.34) (2.33) of the 
vielbein approach (which entails that the BRST variations (A. 14) are nilpotent). In 
fact, when passing from the vielbein formalism to the metric approach, a tangent 
space index that is acted upon by the Lorcntz parameter d^^ (with Sc"''' = (^"^ + . . .) 
becomes a curved space index that is acted upon by diffeomorphisms in the disguise 
of the parameter v^^^ = dy^'^ (with Sv^^ = (p^^^ + . . . = dy(p^^ + ...). 

We note that the symmetry algebras of the prepotential g, as given by equations 
(A. 3), and of the potential F, as given by (A. 14), are consistent with each other and 
that these symmetry algebras have the same structure: 



A. 2 Comparison with the vielbein approach 

Let us compare the variables appearing, respectively, in the metric approach and in 
the second order formalism. The shift transformations of fields are symbolized by a 
vertical arrow: 

Metric approach Second order formalism 

Basic fields: gfj,^, 

i i 
Ghosts: il^^y , e i^l . . c"** 

Ghosts for ghosts: (^'^ (fi^ , Cp"'^ . 

The basic field ef, of the second order formalism involves a Lorentz index, which 
implies that a Lorentz ghost and the corresponding ghost for ghost appear as in- 
dependent variables, in addition to those that are present in the metric approach. 
In particular, the ghost for ghost (^"^ appears in the variation ^V'JJ and thereby in 
the observables of the vielbein formalism, though it can only appear in those of 
the metric approach under the disguise of the dependent variable (p'^^ = da-(p^, see 
next subsection. One expects that the observables in these different approaches are 
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cohomologically equivalent, i.e. that they only differ by S- and d-exact terms, just 
as the gravitational anomaly in Einstein gravity can manifest itself under different 
disguises (Lorentz anomaly or diffeomorphism anomaly, as well as Weyl or chirally 
split anomaly in two dimensions) [32, 45]. 

A. 3 Observables 

In view of the formal gauge transformation (A. 10), one would expect that the ex- 
pressions for the observables in the second order formalism have exactly the same 
form as those in the metric approach. Yet, this is not quite true as we will see in 
the following. 

Let us denote the observables in the metric approach by Al^-ii • • • )-^o 
so as to distinguish them from those of the vielbein formalism denoted by Wj^, 
W}_i, . . . , Wq. The polynomials Ai^-k satisfy descent equations that are analogous 
to equations (2.23) which correspond to the special case (1 = 4. Of course, the 
topological invariant M^igixi,) coincides with the topological invariant W°(e^) since 
the metric g^i, can be expressed in terms of the vielbein fields e^. Furthermore, 
the polynomial A4\_^{g^t,,'^ coincides with VFi_i(e^, V'^, ^^) by virtue of re- 
lations (A. 4) and (2.32). However, the polynomials of ghost-number k > 2, i.e. 
M.d-ki9iii^i "^i^i^i do not depend on the same set of independent variables as 

^d-ki^tii i'l.ii^i^^i '^"'^)- And even if (^"^ (or 4>"'^) is viewed as the Lorentz analogue 
of (p'^^ = dj.if'^ (or l*'^^ = 'S/u<f^), the polynomials of ghost-number > 2 do not 
quite have the same form: the expressions M-^-ki ■ ■ •) involve extra contributions 
which are not present in VFjLfe, • • •. We will sec that the appearance of these terms 
can be drawn back to the shift transformations affecting the metric tensor which 
raises or lowers covariant indices. 

Two-dimensional case: One starts from the 2-form = As^ where R is the 
matrix- valued 2-form defined in equations (A. 9) and 'As' the antisymmetric part of 
this matrix: 

M° = AsE = y/gepaR"" = ^ ^Sp^RP"^, dx^'dx'' = ^ y^e^.TZdx^dx'' . 

Here, g denotes the determinant of the metric tensor, Spa- the antisymmetric tensor 
in fiat space (which is just a numerical tensor normalized by £12 = 1) and TZ the 
curvature scalar. 

By laboriously solving the descent equations 
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one finds the following expressions [12], which correspond to the Mumford clas- 
ses [11]: 



MliO = V^[£^.V^*'^, + £^,e^]dx'' (A.17) 

Mlio = vge,. [wy^ - \ - e^'v^*'^, + \ er^] • 

Using the two-dimensional identity "0 = e^iyVp + cyclic permutations of indices" , the 
term involving a derivative of ^'^^ may also be expressed in terms of the traceless 
part of the symmetric tensor ^: 

In reference [16], the results (A.17) have been obtained by applying the mathematical 
techniques of equivariant cohomology, thereby justifying earlier calculations and 
discussions along these fines [7, 15]. 

Alternatively, one could try to proceed as in subsection 2.2.2 (see equations (2.28) 
and (2.29)), i.e. consider the expansion 

;W = AsE = As(E + i + i) (A.18) 
= As E As (I:: i^K) As (i \i^i^R) ■ 

The latter expressions have exactly the same form as the polynomials M^i (^) 
and VFo^(^) appearing in eqs. (2.28) (2.29) of the vielbein approach. By spelling them 
out, one immediately finds the results (A.17) up to the quadratic term ^^p^ ^ that 
is present in A4o(0- Such a term is generated from the variation 

i.e., it is due to the fact that the metric tensor, which raises or lowers indices, is 
subject to shift transformations. This shows that the purely algebraic passage from 
ordinary to generalized fields and from the ordinary differential d to the generalized 
differential d — d + S is a, subtle business for topological models in the metric 
approach. A proper geometric treatment requires to extend the action of symmetries 
from the space-time manifold to the infinite-dimensional space of all metrics, whence 
the use of global differential geometric machinery, see ref . [16] . 

In conclusion, we note that the two-dimensional metric tensor (and thus the 
two-dimensional obscrvablcs) can equally well be parametrized in terms of Beltrami 
differentials, see references [11, 16]. 

Four-dimensional case: One starts from the 4-form 

Ml^E^,^R\R>^^, (A. 19) 
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where 

~ '^A Pontryagin density 



1 ^/ii/pcr fQj. ^j^g Euler density . 
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I.e. 

The first descendant can readily be obtained by expanding the generahzed 4-form 
A4 = E^^ R p with respect to the ghost-number: 

MliO = 2e;; Bt. [ \ ( v.^r"^ - v^r-^) + i'^R'^^p ] dx^ . 

For a determination and exphcit expression of the other polynomials, we refer to 
the work [17]. 

Finally, we note that the Nieh-Yan 4-form (2.26), which yields the observables 
related to torsion, takes the form [37] 

■^4 ~ ^ \f9 ^ {RfjLvpa ~ 2^ fiuTxpa) dx . . . dx . 
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